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Klein-Gordon (3.2) \S 3 $m(x)$ (4.1)





1 $\Psi(x, t)$ $X$ $t$
$\Psi=Y(x, \omega)\exp(-i\omega t)$ ,
$Y(x+.L, \omega)=e^{ikL}Y(x, \omega)$ (2.1)
\omega $k$ $L$
$\omega=\omega(k)$
Bloch $\Psi=Y(x, \omega)\exp(-i\omega t)$
Bloch $Y(x, k)$
$Y^{*}(x, k)$ (2.1) $Y(x, -k)$
$\omega(-k)=-\omega(k)$
$\Psi(x, t)$ Bloch







$\rho(\omega)=\epsilon^{-1}\tilde{\rho}(\Omega)$ (for $\omega>0$ ) (2.3b)
$\Psi(x, t)=2\int\tilde{\rho}(\Omega)Be(Y(x, \omega_{0}+\epsilon\Omega)e^{-i(\omega_{0}+\epsilon\Omega)t})d\Omega$ (2.4)
$\Omega=0$ $(\sim O(1))$ $\omega_{0}$ $\omega$
(2.4) $\epsilon$ $Y(x, \omega)$ $(Y(x, \omega)\exp(-ikx))$ .
$\exp(+ikx)$ Taylor
$Y(x, \omega+\epsilon\Omega)=\{Y(x, \omega)e^{-ikx}+\epsilon\Omega\frac{\partial}{\partial\omega}(Y(x, \omega)e^{-ikx})+\frac{\epsilon^{2}\Omega^{2}}{2}\frac{\partial^{2}}{\partial\omega^{2}}(Y(x, \omega)e^{-ikx})\}$
$\cross\exp i\{kx+\epsilon\Omega\frac{dk}{d\omega}x+\frac{\epsilon^{2}\Omega^{2}}{2}\frac{d^{2}k}{d\omega^{2}}x\}+O(\epsilon^{3})$
$=(Y(x, \omega)+\epsilon\Omega V(x, \omega)+\epsilon^{2}\Omega^{2}1\cdot V(x, \omega))\exp i\{\epsilon\Omega\frac{dk}{d\omega}x+\frac{\epsilon^{2}\Omega^{2}}{2}\frac{d^{2}k}{d\omega^{2}}x\}$
$+O(\epsilon^{3})$ (2.5)
8$V(x, \omega)$ $W(x, \omega)$
$V(x, \omega)=e^{ikx}\frac{\partial}{\partial\omega}(Y(x, \omega)e^{-ikx})$ , (2.6a)
$W(x, \omega)=e^{ikx}\frac{1}{2}\frac{\partial^{2}}{\partial\omega^{2}}(Y(x, \omega)e^{-ikx})$ (2.6b)
$V(x, \omega)$ $W(x, \omega)$ Bloch $Y(x, \omega)$ (2.1)
V $(x+L, \omega)=e^{ikL}V(x, \omega)$ , (2.7a)
$W(x+L, \omega)=e^{ikL}W(x, \omega)$ (2.7b)
(2.5) (2.4)
$\Psi(x, t)=Y(x, \omega)e^{-i\omega t}\Psi_{+}^{(1)}+Y^{*}(x, \omega)e^{+i\omega t}\Psi_{-}^{(1)}$
$+\epsilon V(x, \omega)e^{-i\omega t}\Psi_{+}^{(2)}+\epsilon V^{*}(x, \omega)e^{+1\nu t}\Psi_{-}^{(2)}$
$+\epsilon^{2}W(x, \omega)e^{-i\omega t}\Psi_{+}^{(3)}+\epsilon^{2}W^{*}(x, \omega)e^{+1\omega t}\Psi_{-}^{(3)}+O(\epsilon^{3})$ (2.8)
$\Psi_{\pm}^{(j)}(j=1,2,3)$




$\Psi_{-}^{(1)}$ Bloch $Y(x, \omega)\exp(-i\omega t)$ $Y^{*}(x, \omega)$
. exp( $i\omega t$ )








$\Psi(x, t)=Y(x, \omega)e^{-i\omega t}\Psi_{+}^{(1)}(\xi, \tau)+Y^{*}(x, \omega)e^{+i\omega t}\Psi_{-}^{(1)}(\xi, \tau)$
$+ \epsilon V(x, \omega)e^{-i\omega t}(-i)\frac{\partial\Psi_{+}^{(1)}(\xi,\tau)}{\partial\xi}+\epsilon V^{*}(x, \omega)e^{+i\omega t}i\frac{\partial\Psi_{-}^{(1)}(\xi,\tau)}{\partial\xi}$




$\tauarrow\tau+\epsilon^{2}\chi(x, \omega)$ , (2.14a)
$W(x, \omega)arrow W(x, \omega)-i\chi(x, \omega)Y(x, \omega)$ , (2.14b)
$W^{*}(x, \omega)arrow W^{*}(x, \omega)+i\chi(x, \omega)Y^{*}(x, \omega)$ (2.14c)
\chi (x, $\omega$) ( OK)







Bloch $l_{B}\equiv 1/k$ $L$
2) $l_{E}$
$L\sim l_{B}=k^{-1}\ll l_{E}$ (3.1)
Klein-Gordon
$\frac{\partial^{2}u}{\partial t^{2}}-\frac{\partial^{2}u}{\partial x^{2}}+m(x)u+\kappa u^{3}=0$ (3.2a)
$m(x+L)=m(x)$ (3.2b)
$u=Y(x, \omega)e^{-i\omega t}$
$- \omega^{2}Y-\frac{\partial^{2}Y}{\partial x^{2}}+m(x)Y=0$ (33)
$m(x)$ ,
$Y$ (2.1) \omega $=\omega(k)$
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$u(x, t)$ $(\sim O(\epsilon))$ (2.13) $u(x, t)$
$u(x, t)=\epsilon Y(x, \omega)e^{-1\omega t}U(\xi, \tau)+\epsilon Y^{*}(x, \omega)e^{+1\omega t}\overline{U}(\xi, \tau)$
$+ \epsilon^{2}V(x, \omega)e^{-i\omega t}(-i)\frac{\partial U(\xi,\tau)}{\partial\xi}+\epsilon^{2}V^{*}(x, \omega)e^{+i\omega t}i\frac{\partial\overline{U}(\xi,\tau)}{\partial\xi}$
$+ \epsilon^{3}W(x, \omega)e^{-i\omega t}(-1)\frac{\partial^{2}U(\xi,\tau)}{\partial\xi^{2}}+\epsilon^{3}\overline{W}(x, \omega)e^{+i\omega t}(-1)\frac{\partial^{2}\overline{U}(\xi,\tau)}{\partial\xi^{2}}$
$+\epsilon^{3}X(x, \omega)e^{-3l\omega t}(U(\xi, \tau))^{3}+\epsilon^{3}X^{*}(x, \omega)e^{+3i\omega t}(\overline{U}(\xi, \tau))^{3}$
$+O(\epsilon^{4})$ (3.4)
$Y(x, \omega)\exp(-i\omega t)$ Bloch 4 $X(x, \omega)$
(2.10) (2.6) (2.14) $\xi$ $\mathcal{T}$ $V(x, \omega)$ $W(x, \omega)$
$\overline{W}(x, \omega)$
$\xi=\epsilon(\frac{dk}{d\omega}x-t)$ , (3.5a)
$\tau=\epsilon^{2}(\frac{1}{2}\frac{d^{2}k}{d\omega^{2}}x+\chi(x, \omega))$ . (3.5b)
$V(x, \omega)=e^{ikx_{\frac{\partial}{\partial\omega}}}(Y(x, \omega)e^{-l^{\vee}}kx)$ , (3.5c)
$W(x, \omega)=e^{+ikx}\frac{1}{2}\frac{\partial^{2}}{\partial\omega^{2}}(Y(x, \omega)e^{-ikx})-i\chi(x, \omega)Y(x, \omega)$ , (3.5d)
$\overline{W}(x, \omega)=e^{-ikx}\frac{1}{2}\frac{\partial^{2}}{\partial\omega^{2}}(Y^{*}(x, \omega)e^{+ikx})+i\chi(x, \omega)Y^{*}(x, \omega)$ (3.5e)
\chi (x, $\omega$ ) (2.15) $U(\xi, \tau)$
$\overline{U}(\xi, \tau)$
$\overline{U}(\xi, \tau)=(U(\xi, \tau^{*}))^{*}$ (3.6)
(3.4) $O(\epsilon)$ $U(\xi, \tau)$ $\overline{U}(\xi, \tau)$ Bloch $Y(x, \omega)$
$\exp(-i\omega t)$ , $Y^{*}(x, \omega)\exp(+i\omega t)$ (3.4) Klein-Gordon
(3.2a) $\epsilon^{n}\exp(-il\omega t)(n=1,2,3, \cdots, l=0, \pm 1, \pm 2, \cdots)$ .
$n=1,1=\pm 1$ $n=2,1=\pm 1$ (3.3)
$\omega$ $X(x, \omega)$ $n=3,1=\pm 3$
$-9 \omega^{2}X(x, \omega)-\frac{\partial^{2}X(x,\omega)}{\partial x^{2}}+m(x)X(x, \omega)+\kappa Y^{3}(x, \omega)=0$ (3.7)
$n=3,$ $l=1$
$iP(x, \omega)(i\frac{\partial U}{\partial\tau}-\frac{\partial^{2}U}{\partial\xi^{2}})+3\kappa|1^{\prime’}(x, \omega)|^{2}Y(x, \omega)U^{2}\overline{U}=0$ , (3.8)
$P(x, \omega)=\frac{1\partial}{Y(x,\omega)\partial x}\{Y^{2}(x, \omega)(\frac{\partial\chi(x,\omega)}{\partial x}+\frac{1}{2}\frac{d^{2}k}{d\omega^{2}})\}$ (3.9)
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(3.8) $x$
$bP(x, \omega)=-3i\kappa|Y(x, \omega)|^{2}Y(x, \omega)$ (3.10)
$b$ $\chi(x, \omega)$ (2.15) , $b$ $\chi(x, \omega)$
$b=-3(L \frac{d^{2}k}{d\omega^{2}})^{-1}\frac{\kappa e^{-ikL}}{\sin kL}\int_{d}^{L+d’}dx’Y^{-2}(x’)\int_{x^{x’+L}},dx’’|Y(x’’)|^{2}Y^{2}(x’’)$ (3.11)
$\chi(x, \omega)=-\frac{1}{2}\frac{d^{2}k}{d\omega^{2}}x-\frac{3\kappa e^{-ikL}}{2b\sin kL}\int_{0}^{x}dx’Y^{-2}(x’)\int_{x}^{x’+L}dx^{n}|Y(x^{u})|^{2}Y^{2}(x’’)$ (3.12)
$d’$ $b$ $\chi(0, \omega)=0$
$\mathcal{T}$ $W(x, \omega)$ $\overline{W}(x, \omega)$ $(3.5b)$ $(3.5d)$ $(3.5e)$
(3.8)




$m(-x+d)=m(x+d)$ $(0\leq d\leq L)$ (4. 1)
$Y(x, \omega)$ (3.3) $\tilde{Y}(x, \omega)\equiv Y(-x+2d, \omega)$
(2.1)
$\tilde{Y}(x+L, \omega)=Y(-x+2d-L, \omega)=e^{-ikL}Y(-x+2d, \omega)=e^{i(-k)L}\tilde{Y}(x, \omega)$ (4.2)
$Y(-x+2d, \omega)=Y(x, -\omega)=Y^{*}(x, \omega)$ (4.3)
$d’=d$ (3.11)
$b^{*}=-3(L \frac{d^{2}k}{d\omega^{2}})^{-1}\frac{\kappa e^{+ikL}}{\sin kL}\int_{d}^{L+d}dx’Y^{-2}(-x’+2d)\int_{x}^{x’+L}dx’’|Y(x’’)|^{2}Y^{2}(-x’’+2d)$.






$\tau=\tau(x)$ $U(\xi, \tau)$ $\tau$
$U=\sqrt{\frac{-2}{b}}A$ sech $(A\xi(x, t)+2BA\tau(x))\exp\{iA\xi(x, t)-i(A^{2}-B^{2})\tau(x)\}$ (4.6)
$A,$ $B$ $b<0$ Bloch
$\partial U/\partial\xi$ $\partial^{2}U/\partial\xi^{2}$ $x$ (3.4)
$x,$ $t$ ) $b>0$ Dark
1) $x=0$ $U(-\infty<t<+\infty)$
(3.5a) (3.5b)
$U(x=0, t)=U(\xi=-\epsilon t, \tau=0)$ (4.7)
$U(\xi, 0)$
2) , $U(\xi, 0)$ $U(\xi,$ $\tau\in$
$\Re)$ $U(\xi, \tau)$ $\tau$ $U(x, t)$
3) $\partial U/\partial\xi$ $\partial^{2}U/\partial\xi^{2}$ $\overline{U}$ $\partial\overline{U}/\partial\xi$ $\partial^{2}\overline{U}/\partial\xi^{2}$ $x$ $t$




1) (3.3) Bloch $Y(x, \omega)$ \omega $=$
$\omega(k)$
2) (2.15) $\chi(x, \omega)$ $\xi$ $\tau$ $V(x, \omega)$ $W(x, \omega)$ $\overline{W}(x, \omega)$
$(3.5)$
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3) $u(x, t)$ (3.4)
(3.2a) $\epsilon^{n}\exp(-il\omega t)(n=1,2,3,$ $\cdots,$ $l=$
$0,$ $\pm 1,$ $\pm 2,$ $\cdots$ ) $(n, l)=(3,1)$
$P(x)(i \frac{\partial U}{\partial\tau}-\frac{\partial^{2}U}{\partial\xi^{2}})+Q(x)U^{2}\overline{U}=0$ (5. 1)
4) $P(x)$ $Q(x)$ ($Q(x)=bP(x),$ $b$ )
\S 2 $\chi(x, \omega)$ $b$ explicit









$m(x)$ (4.1) $b\in\Re$ 4
$b$ $[5]_{\text{ }}$ $b$
?
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